
Math114 Final Exam (17/01/2007)

Questions

Name&Number

1) Express the limit as de�nite integral

lim
jjP jj!0

nX
k=1

( 1
c2k
)4 xk where P is a partition of [1,4] [10P]

Solution:
R 4
1

1
x2 dx

2) Evaluate the integrals [60P]

a)

Z 2

1

x lnxdx b)

Z
e
p
3s+9ds(hint:set 3s+9=t2) c)

Z
dx

(x� 1)(x2 + 1)2 d)
Z
cos3 xdx

Solution: a) Z 2

1

x lnxdx = 2 ln 2�
Z 2

1

1

2
x dx = 2 ln 2� 3

4

b)Z
e
p
3s+9ds =

Z
2

3
tet dt =

2

3
tet � 2

3
et + csince3s+ 9 = t2 ! ds = 2tdt=3

c)Z
dx

(x� 1)(x2 + 1)2 =

Z
A

x� 1dx+
Z
Bx+ C

(x2 + 1)
dx+

Z
Dx+ F

(x2 + 1)2
dx

1

(x� 1)(x2 + 1)2 =
1

4 (x� 1) +
1

(x2 + 1)
2

�
�1
2
x� 1

2

�
+

1

x2 + 1

�
�1
4
x� 1

4

�
Z

dx

(x� 1)(x2 + 1)2 = c� 1
2
arctanx+

1

4
ln (x� 1)� 1

8
ln
�
x2 + 1

�
+

1

4x2 + 4
� x

4x2 + 4

d)Z
cos3 xdx =

Z
cos2 x cosxdx =

Z
(1� sin2 x) cosxdx Let0s set sinx = u

)
Z
cos3 xdx =

Z �
1� u2

�
du = u� 1

3
u3 + c = sinx� 1

3
sin3 x+ c

3) a) Find the area of the region enclosed by the curve and line b) and
valume of the region bounded by the given curve revolved about x axis c) and
length of the curve on 0� x � 4 [45P]

1



p
x+ y = 3; x = 0; y = 0

Solution: a) Area=
R 4
0
(3�

p
x)dx = 3x� 2

3x
3
2 j40 = 20

3

b) Valume=
R 4
0
�(3�

p
x)2dx = 9�x+ 1

2�x
2 � 4�x 3

2 = 12�

c)Length=
R 4
0

p
1 + [(3�

p
x)0]2dx =

R 4
0

q
1 + [ 1

2
p
x
]2dx =

R 4
0

q
1 + 1

4xdx

4) Find dy/dx if y=

e2xZ
0

sinh(t2)dt and write it iterms of x only [10P]

(hint : sinhx =
ex + e�x

2
)

Solution: y=

e2xZ
0

sinh(t2)dt ) y0 = 2e2x sinh e4x = 2e2x e
e2x+e�e

2x

2 it follows

from Fundemantal Theorem of Calculus.
5) Evaluate the Improper Integrals [10P]

a)

Z 3

0

dx

x� 2 =

Z 2

0

dx

x� 2 +
Z 3

2

dx

x� 2 ) lim
b!2�

Z b

0

dx

x� 2 + lim
b!2+

Z 3

b

dx

x� 2Z 3

0

dx

x� 2 = lim
b!2�

ln jb� 2j � ln 2� lim
b!2+

ln jb� 2j = lim
�!0

ln j2� �� 2j � lim
�!0

ln j2 + �� 2j � ln 2Z 3

0

dx

x� 2 = lim
�!0

ln j � �j � lim
�!0

ln j�j � ln 2 = lim
�!0

ln
j � �j
j�j � ln 2 = � ln 2

6) Please test for convergence [20P]

a)

Z +1

�1

dx

ex + e�x
b)

Z 1

1

sinx2dx

x2 + 1

Solution: a)
R +1
�1

dx
ex+e�x = 2

R +1
0

dx
ex+e�x since 1

ex+e�x is even function

)
R +1
�1

dx
ex+e�x < 2

R +1
0

dx
ex since e

�x>0 and
R +1
0

dx
ex = 1 )

R +1
�1

dx
ex+e�x is

convergent.
b)
R1
1

sin x2dx
x2+1 �

R1
1

dx
x2+1 since sinx

2 � 1 &
R1
1

dx
x2+1 =

1
4� )

R1
1

sin x2dx
x2+1

is convergent.

7) Express 1; 12
��
23 as the ratio of two integer by using power series expansion

method [10P]

1; 12232323:::::: = 1 + 12
100 +

23
103 +

23
104 + :::::::+

23
10n�1 + ::::: =

112
100 +

23
103 (1 +

1
10 +

1
102 + :::::) =

112
100 +

P1
k=1(

1
10 )

k�1 = 112
100 +

23
103 (

1
1� 1

10

)

2



) 1; 12232323:::::: = 112
100 +

23
103 (

1
1� 1

10

) = 112
100 +

23
103

10
9 =

112
100 +

23
90 =

619
450

8)Find the values of x which the given geometric series is convergent [10P]

a)
1X
n=0

(�1)n(2x� 1)n

Solution:
P1

n=0(�1)n(2x�1)n =
P1

n=0[(�1)(2x�1)]n =
P1

n=0[(1�2x)]nconvergent
, j1� 2xj < 1, �1 < 2x� 1 < 1, 0 < 2x < 2, 0 < x < 1

9)Determine Why convergent or divergent ? [30P]

a)
1X
n=0

n

2n+ 1
b)

1X
n=0

1p
3n

c)

1X
n=1

ex

1 + e2x
(hint: use integral test & set ex = y)

Solution: a)
P1

n=0
n

2n+1 divergent since lim
n!1

n
2n+1 =

1
2

b)
P1

n=0
1p
3n
divergent since

P1
n=0

1p
3n
>
P1

n=0
1
3n =

1
3

P1
n=0

1
n harmonic

series and divergent
c)
P1

n=1
ex

1+e2x &
R1
1

ex

1+e2x dx both diverges or converges together. SinceR1
1

ex

1+e2x dx =
R1
e

1
y2+1 dy =

1
2� � arctan e)

P1
n=1

ex

1+e2x convergent
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