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Reinforcement Learning and Dynamic Optimization®

Erdem Basg:l* Mehmet Orhan™

Abstract. This paper is about optimization achieved through reinforced learning.
First, the concept of an augmented value function for infinite horizon discounted
dynamic programs is defined. Next, the issue of convergence and the speed of the
convergence in the context of a cake-eating problem are studied. Finally, in
numerical simulations it is observed that regardless of initial beliefs learning of the
augmented value function and hence optimal behavior is attainable within
reasonable time horizons under the presence of experimentation and slow cooling.
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1. Introduction

In dynamic economic models it is usually assumed that an agent's behavior
is in line with the solutions to dynamic optimization problems. Since such
problems are quite difficult to handle, it is frequently argued that agents do
not actually solve these problems, but, through a process of learning over
time, they start to behave in accordance with the optimal solution.

As for reinforcement learning, it is possibly one of the most
primitive learning methods. It does not require from the agents the forming
of expectations or the use of sophisticated reasoning. Studies of
reinforcement learning in repeated decision environments include Bush and
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Mosteller (1955), Cross (1973, 1979), Roth and Erev (1995), Borgers and
Sarin (1997), Erev and Roth (1998), and Erev and Rapoport (1998). For
dynamic decision environments, Lettau and Uhlig (1999) propose a learning
algorithm based on classifier systems. Classifier system learning, introduced
by Holland (1975) as a tool for machine learning, is also suitable for
modeling reinforcement learning in economics. A classifier system consists
of a list of condition-action statements, called classifiers, and a
corresponding list of real numbers, called the strengths of the classifiers.
Classifiers bid their strengths in competition for the right to guide the agent
in each decision situation. The strengths are then updated according to the
outcomes.

Classifier system learning is used in a number of economic models.
Examples of its application in repeated static decision environments can be
found in Arthur (1991), Beltrametti et al. (1997), Kirman and Vriend (1996),
and Sargent (1993). In the context of the Kiyotaki-Wright model of money,
a dynamic game with a recursive structure, Marimon et al. (1990) and Basc1
(1999) use classifier systems in their simulations. Lettau and Uhlig (1999),
on the other hand, analyze the connection between relevant dynamic
programming problems and the asymptotic behavior of the corresponding
classifier system learning. Lettau and Uhlig describe the limiting behavior
of classifier strengths. They do not allow for experimentation by agents.
They show that if the classifier system is sufficiently rich and the initial
strengths high enough, the strengths of the asymptotically winning classifiers
converge to the values given by the solution to the Bellman equation. They
also show, however, that the strengths of the remaining classifiers may
freeze at an arbitrary point in a dense subset of real numbers.

In this paper, we show through numerical simulations that allowing for
experimentation, in the form of trembling hands, results in the convergence
of the vector of all strengths to a unique vector of real numbers. We note
this limit vector and call it the augmented value function. We also study the
speed of the convergence, which is an issue of practical importance in
computational economics but is not addressed by Lettau and Uhlig (1999).

In the section that follows, we define the augmented value function in
the context of a simple cake eating problem with a stochastic twist. In
section 3, we describe the details of the learning algorithm. In section 4, we
present the results of our numerical simulations. In section 5, we do some
robustness checks and sensitivity analysis. We conclude in section 6.
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2. The Cake Eating Problem

We confine our presentation below to the cake-eating problem to facilitate
illustration." For learnability, we assume that the agents who eat up all of
their cakes receive new ones as subsidies with a positive probability below
one. This makes the dynamic optimization problem a repeated one.

We consider the optimization problem faced by a consumer with and
infinitely long life who has k, [7 X = {0,1,..., k*} units of cake available in
Period 0. Here, X denotes the state space. The cake is perfectly storable and
the consumer, in each period ¢, has the option of consuming an integer
amount of cake, again, from the set X, subject to the availability condition,
¢, <k,

We assume an instantaneous utility function, U: X — [, which
exhibits diminishing marginal utility from consumption. The lifetime utility
is given by the expected infinite sum of current and future utilities from
consumption, properly discounted by the factor 0< f </.

We also assume that there is a positive probability p, of receiving a
subsidy of £* units of cake from the government, to be collected at the
beginning of the following period, ¢+1, if and only if the consumer has 0
units of cake in hand at the end of the current period, ¢.

For this problem, we can write the following Bellman equation:
v(k) = max{U(c) + B Ev(k-cts) | c X c<k} (1)

for all k/7 X, where s is a random variable that takes on a value of k*
whenever the subsidy is received, with probability p;, by the consumer and 0
otherwise. Here, v. X — [/, which is called the optimal value function, gives
the maximal amount of expected lifetime utility attainable by a consumer
who starts off with a specified amount of cake in hand. Equation (1) can be
numerically solved by using the value function iteration method discussed,
for example, in Stokey and Lucas with Prescott (1989).

For this consumption-savings problem, we now define the augmented
value function, v*: X — [J, where A= {(k,c) [JX x X | ¢ £ k}. The
interpretation of v¥(k,c) will be the expected lifetime utility from consuming

'The same line of analysis could be conducted for more general dynamic
programming problems with a similar structure.
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¢ units in this period, and following optimal policies, thereafter. The
augmented value function differs from Bellman’s value function in that the
former does not suppose optimal behavior in the current period. One can,
therefore, define the augmented value function through the formula:

v¥(k,c) = U(c) + p Ev(k-ct+s) (2)
for all (k,c¢) L/A. From (1) and (2) it follows that:
v(k) = Max{v¥(kc)|c X c<k} (3)
for all K[/ X.

By using (2) and (3), one can easily show that the augmented value
function satisfies the functional equation,

v¥(k,c) = Ulc) + p E max{ v¥(k-ct+s,c') | c¢' }[UX, ¢'<k-cts} (4)
for all (k,c) LJA.

In fact, equation (4) provides an alternative method for determining
the augmented value function without any need to know the optimal value
function itself. The solution of equation (4) is unique and can be obtained by
iterating on an arbitrary initial guess, v,*, via the contraction mapping
T: C(4) — C(A) defined through,

T(f(k,c)) = U(c) + B E max {f(k-c+s,c') | c'UX, ¢'<k-cts} (5)

for all (k,c) [JA. Here C(4) denotes the space of continuous and bounded
functions on the set 4.

In the simple numerical example that we will study in the next section,
we take X = {0,1,2}, U©) =0, U) =8,U2) =10, = 0.9 and p, = 0.4.
Under these parameter values, the augmented value function can be
calculated by either method as, v¥(2, 0) = 46.27, v*(2, 1) = 51.41, v*(2, 2)
=50.23, v¥(1, 0) =43.41, v¥(1, 1) = 48.23, v¥0, 0) = 40.23.

These numbers indicate that the optimal policy for a consumer with 2
units of cake is to consume / unit today and the remaining unit tomorrow.

’It is easy to see that the mapping T satisfies Blackwell's sufficient conditions for a
contraction. For details the reader is referred to Stokey and Lucas with Prescott
(1989, Thm. 3.3, p.54).
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This statement follows from observing that v*(2,1) is the highest among
v*(2,.) and that v¥(1,1) exceeds v*(1,0).

3. The Learning Algorithm

Here we consider the learning problem of an agent who knows neither the
augmented value function nor the optimal policies. It is assumed that the
agent has subjective beliefs on the values of each possible state-action pair
and is updating these beliefs through experience. We call this procedure of
learning by doing reinforcement learning.

As already stated, classifier systems have a suitable structure for
reinforcement learning. A classifier system consists of a potentially flexible
list of condition-action statements together with their strengths. A strength
is interpreted as the subjective belief about the value of a particular action
under a particular condition. There are three main steps in the operation of a
classifier system: 1. recognize your current condition, or state, and determine
the list of classifiers applicable in the current condition (activation), 2. pick
one classifier from among the activated ones based on the information
conveyed by their strengths, follow its advice and bear the consequences
(selection), and 3. according to the consequences, update the strength of the
classifier responsible for these (update). Then, go back to Step 1.

In problems with a discrete and small state space, it is natural to
assume that the agent can recognize precisely the current state. We,
therefore, work with classifier systems that are complete. A classifier
system is called complete’ if it contains exactly one classifier for every
conceivable action in every specific state. In the consumption-savings
problem of section 2, there are a total of 3 states, namely 0, 1, 2, and a total
of 1, 2, and 3 actions in these states respectively. Therefore, our consumer
has a total of 6 specific classifiers. The strengths of these classifiers will be
denoted by S;,, where i stands for the amount of cake in hand at the

Allowing for incompleteness in classifier systems may be more relevant and
interesting in explaining suboptimal human behavior. For example, Lettau and
Uhlig (1999) provide an explanation to the empirical puzzle of excess sensitivity in
consuming to income shocks by allowing the classifier system to be incomplete.
Here, however, we concentrate on cases where learning optimal play is possible in
the long run.
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beginning of a period and m stands for the amount of consumption
recommended.

Since initially our consumer does not know the augmented values
corresponding to these classifiers, we generate the initial strengths randomly
from i.i.d. N(46,20). At any point in time, suppose that the consumer is in
state i//0,1,2}, i.e. the consumer has entered the current period with 7 units
of cake, and hence i+/ different classifiers are activated. In the selection
step, with a positive probability, /-p,, it is assumed that the consumer will
follow the advice of the classifier that has the highest strength among the
activated ones. Here, p, > 0 denotes the probability of experimentation in
the form of random action in a given period. This randomness may be due
to trembling hands or to a temporary memory block. Given such an
occurrence, it is assumed that the consumer will randomly select one of the i
activated classifiers with equal probability.

After the selection step, utility from consumption is realized, and if all
of the cakes have been consumed, a subsidy of 2 units is received with
probability p, . These events determine the next period's state, j. The
strength of the most recently activated classifier, im, is then updated in
transition from state, i, to the next state, j, based on the realized utility, U,,
and the maximum classifier strength at the next period's state,
S*,=max, {S;,}, according to the formula,5

Sim,t+1 = Simt + Qimt ([]m + ﬁS*ﬂ - imt) (6)

where ¢ is the time subscript and oy, is the t entry of the cooling sequence
for classifier im. A cooling sequence is a non-increasing sequence of
positive weights that converge to zero at a slow rate in such a way that,

24 Qi = ©

The intuition behind the strength update formula (6) lies in its
connection to equation (4). If the sum of the current utility from
consumption and the discounted future maximal strength is above the
strength of the most recently selected classifier, then it is rewarded by an

4 .
These numbers are selected so as to be around the v* values for the given
parameterization.

While using this formula, the agent assumes away trembling hands in the time
periods still to come.
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increase in its strength. Otherwise, it is penalized by a reduction. Once the
strengths of the classifiers have converged to their corresponding values in
the augmented value function satisfying (4), the term in parentheses in (6)
has an expectation of zero, which makes the expected change in S;,, zero.
However, fluctuations due to the random subsidy term will remain. These
fluctuations will be eliminated over time as the cooling sequence, .,
approaches zero.

In economic applications,’ it is customary to take the cooling function
in the form,

aimt = ]/(Timt + 2) (7)

where T 1S an experience counter recording the number of times that the
particular classifier, im, has been selected up to time z. Initially, we set
im0 = 0 for all classifiers, im, so that the initial value of «;, becomes 1/2.

In order to control the speed of convergence of a,,, we use a positive
integer denoted by /. Then the formula

Oime =1/ ([1* T ] +2)  (8)

is used to generate the cooling sequence. Here, /./ denotes the greatest
integer function.” For example, for /=1/3, it takes 5 times longer for the a;,,
sequence to reach any given ¢ [/(0,1/2), compared to the case where /=1.

4. Simulation Results

During the discussion below we will distinguish the notions of learning
optimal behavior from learning the correct classifier strengths, i.e. the
augmented values. We have prepared a GAUSS program to implement the
learning algorithm described in section 3. In a single run of the program
with randomly generated initial strengths, /=1, and p,=5%, we were able to

%See, for example, Marimon et al. (1990).

"The use of the integer value function is not essential. Without it the decay of the
cooling sequence becomes smoother without altering the simulation results. We
prefer to keep it, in this section, however, since it essentially boils down to an
exponentially weighted moving average during the periods a is held constant. In
section 5, it will be dropped.
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see the effects of fast cooling on the convergence pattern of classifier
strengths.

n Sa Sai Sao St Sto Soo
0 |37.31 |75.36 (21.68 |60.58 |51.15 |18.96
0.1 |47.72 |48.71 |43.57 |45.54 |40.53 |37.57
1 |48.14 |49.29 |44.14 |46.13 |41.27 |38.12
5 |48.44 |149.62 |44.47 |46.44 |41.61 |38.44
10 [48.56 |49.74 |44.59 |46.56 |41.73 |38.56
15 [48.62 |49.8 |44.66 |46.62 |41.8 |38.62
20 |48.67 [49.85 |44.71 |46.67 |41.85 (38.67
Val. |50.23 (51.41 |46.27 |48.23 |43.41 40.23

Table I: Under fast cooling (1=1), the strengths at the end of period » (in millions), for a
single run. The bottom row displays the target, which is the augmented value function.

As seen in Table 1, the ordering of the initial strengths is consistent
with optimal behavior. However, the values of the strengths are far away
from their targets depicted in the last line of Table 1. From the table, an
extremely slow tendency for the strengths to converge to the augmented
values is observed. Even at the end of 20 million trials the strengths are
considerably far away from their targets. A linear extrapolation, from /5
million periods onwards, reveals that the agent would need 773.7 million
more trials to reach the correct values for the classifiers at State 2. It is
apparent that this number would, in fact, be much larger if the extrapolation
were to take into account the decrease in the value of «;,,; over time.

For the same initial values, and the inclusion of a trembling-hand
probability, but for a much smaller cooling rate given by /=0.05, the speed
of convergence is observed to increase dramatically. Table 2 shows that
after around /1,500 time periods, the strengths of the correct classifiers, S,
S;;. and Sy, have almost hit their target values. Moreover, the strengths of
the remaining classifiers, S, Sz, and S;), subjected to a much smaller
number of updates, have come close to their target values as well.



Reinforcement Learning and Dynamic Optimization 47

In order to make the observations in Table 2 statistically more precise,
we conducted /000 independent runs. Table 3 summarizes the convergence
pattern for a trembling-hand probability of 5% and a cooling parameter of

N Sx Sai S S Sto Soo
0 37.31| 75.36| 21.68| 60.58| 51.15| 18.96
100| 37.31| 55.76| 43.30| 50.16| 46.37| 47.57
1000| 46.91| 49.35| 47.39| 45.15| 41.62| 48.59
3000| 46.79| 52.10| 46.83| 48.06| 43.95| 41.22
5000| 48.93| 50.17| 45.22| 46.81| 42.39| 40.18
7000| 46.65| 50.99| 45.83| 47.96| 43.09| 38.98
9000| 47.90| 51.78| 46.23| 48.46| 43.88| 40.66
11000| 51.47| 51.51| 46.64| 48.06| 43.69| 40.69
11505| 49.80| 51.40| 46.41| 48.23| 43.57| 40.21
Val.| 50.23| 51.41| 46.27| 48.23| 43.41| 40.23

Table II: Under slow cooling (/=0.05), the strengths at the end of period n for a single run.
The bottom row displays the augmented value function.

[=0.05. Since the initial strengths are selected randomly across runs,
initially only one third of the consumers who start with 2 units of cake
choose the optimal consumption level of 1 unit. Similarly, only about a half
of the consumers holding 1 unit of cake choose to consume it at the
beginning. As learning proceeds, at around period 1,000 95 % of all
consumers start to follow the optimal cake eating plan in their conscious
choices. The convergence of strengths to the augmented value function,
however, takes somewhat longer. In period 18,000 convergence is attained
almost fully for the most frequently selected classifiers, and for the
remaining ones, the tendency to converge is apparent.

To see how the trembling-hand and cooling parameters combine to affect
the speed of learning, we set the initial value of S,, as high as 300 while
initializing all other strengths at around their limit values. The first time
period, at which S,; > Sy, is attained, is called the preliminary learning
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N S» Sa1 Sao Si Sio Soo R2. RI.

0 46.29(19.42) | 45.46(20.00) | 46.54(19.89) | 46.61(20.33) | 45.22(19.44) | 46.14(20.09) | 0.320 | 0.519

100[ 43.77(11.90) | 47.70(12.77) | 40.27(11.27) | 49.66(10.77) | 38.16(14.82) | 42.60(5.36) | 0.608 | 0.869

500| 46.48(6.05) | 50.76(5.40) | 43.96(5.91) | 48.32(4.14) | 39.76(9.37) | 40.73(2.86) | 0.870 | 0.985

1000] 48.05(2.94) | 51.59(2.45) | 45.74(3.07) | 48.45(2.28) | 41.99(6.02) | 40.62(2.06) | 0.950 | 1.000

2000 48.81(1.95) | 51.67(1.32) | 46.47(1.30) | 48.45(1.45) | 43.31(3.33) | 40.54(1.37) | 0.984 | 1.000

3000| 49.07(1.77) | 51.68(0.91) | 46.53(0.88) | 48.47(1.04) | 43.63(1.34) | 40.52(1.03) | 0.994 | 1.000

4000] 49.22(1.65) | 51.62(0.76) | 46.49(0.72) | 48.41(0.89) | 43.62(0.89) | 40.44(0.91) | 0.996 | 1.000

5000] 49.39(1.47) | 51.56(0.68) | 46.45(0.62) | 48.36(0.79) | 43.57(0.68) | 40.40(0.78) | 0.997 | 1.000

6000| 49.46(1.34) | 51.54(0.61) | 46.41(0.56) | 48.35(0.71) | 43.54(0.61) | 40.36(0.69) | 0.998 | 1.000

7000| 49.57(1.29) | 51.53(0.56) | 46.39(0.51) | 48.35(0.66) | 43.53(0.56) | 40.37(0.67) | 0.999 | 1.000

3000 49.70(1.25) | 51.52(0.51) | 46.38(0.46) | 48.33(0.62) | 43.52(0.51) | 40.35(0.61) | 0.996 | 1.000

9000| 49.69(1.22) | 51.51(0.49) | 46.37(0.43) | 48.32(0.59) | 43.51(0.48) | 40.31(0.58) | 0.997 | 1.000

10000] 49.71(1.14) | 51.50(0.48) | 46.36(0.42) | 48.30(0.57) | 43.50(0.48) | 40.33(0.55) | 0.998 | 1.000

11000| 49.70(1.15) | 51.49(0.45) | 46.35(0.40) | 48.32(0.52) | 43.49(0.45) | 40.31(0.53) | 1.000 | 1.000

12000] 49.75(1.11) | 51.49(0.42) | 46.35(0.38) | 48.30(0.51) | 43.49(0.42) | 40.33(0.52) | 0.997 | 1.000

13000| 49.79(1.10) | 51.48(0.42) | 46.34(0.37) | 48.29(0.49) | 43.48(0.41) | 40.32(0.49) | 0.997 | 1.000

14000| 49.78(1.10) | 51.47(0.40) | 46.33(0.36) | 48.30(0.48) | 43.47(0.40) | 40.31(0.46) | 0.996 | 1.000

15000] 49.84(1.03) | 51.47(0.38) | 46.33(0.35) | 48.29(0.44) | 43.47(0.38) | 40.31(0.44) | 0.999 | 1.000

16000| 49.84(1.03) | 51.46(0.37) | 46.32(0.33) | 48.28(0.43) | 43.17(0.37) | 40.29(0.44) | 1.000 | 1.000

17000] 49.86(1.01) | 51.46(0.36) | 46.32(0.32) | 48.28(0.43) | 43.46(0.35) | 40.29(0.42) | 1.000 | 1.000

18000] 49.91(0.98) | 51.45(0.35) | 46.32(0.31) | 48.27(0.42) | 43.45(0.35) | 40.28(0.41) | 0.999 | 1.000

Val. 50.23 51.41 46.27 48.23 43.41 40.23

Table III: The average strengths (S) of 7000 simulation runs with initial strengths coming
from N(46,20) and the ratios (R) of the correct decisions at states 2 and 1, p,=0.05 and /=0.05.
The numbers in parentheses are the standard deviations.

duration and is recorded as a statistic.® The average learning duration in 50
independent runs for each parameter pair is reported in Table 4. The table

¥ After this time period, S,,> S,; can temporarily be observed again due to stochastic
subsidy shocks. These episodes are expected to disappear as learning progresses
further given the diminishing values of the cooling sequence.
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indicates that preliminary learning of the correct order of strengths happens
earlier as the trembling-hand probability increases and as the cooling rate
decreases.’

1\ p, 0.03 0.05 0.1 0.15 0.2 03
0.5 4741 (2343) [2578(1471) [1619 (1089) [1263 (1013) [890 (549) |713.1 (529)
0.2 903 (451)  |652(370) |351(232) |255(113) |197 (101) |144.6 (62)
0.1 402 (221) [334(130) [214(108) [158(68)  |146 (69) |[98.1 (40)
0.05 192(58)  [174(61)  |146 (54)  |126(50)  |102(48) [86.5 (30)
0.025 [135(41) |136(40) [122(40) |105(32) |96 (30) |79.3 (26)

Table 4: The average time for an agent to start consuming the optimal amount. The numbers
in parentheses are standard deviations. S, is intentionally set to 300 while all other strengths
are initially around their limit values.

5. Robustness and Sensitivity Analysis

To study the robustness and sensitivity of the convergence patterns observed
above, we changed (1) the “cooling rates,” (2) the “concavity" of the utility
function, and (3) the probability of a subsidy. Moreover, the alpha sequence
was made to decline smoothly rather than stepwise as in section 4 according
to e =1/([1 *tine ] + 2).

In the first three simulations, we set all of the initial strengths to
zero. Then, we monitored the evolution of the strengths over time for three
different cooling rates, /=1/ (fast cooling), /=0.05 (slow cooling), and /=0
(no cooling). In cases of equality of strengths, which for instance happen
initially, the tie breaking rule was the consumption of the smallest amount.
This produces an initial bias for excessive savings, which disappears at the

°In further simulations we observed that higher trembling-hand probabilities, all the
way up to 100%, do increase the quality of conscious behavior at earlier times. The
reason is related to the nature of the strength update formula used here. The agents
assume away trembling hands in future periods in their mental accounting. This
assumption of course gets more unrealistic as the actual trembling rate increases.
Such high levels of mistakes, on the other hand, obviously lead to suboptimal
behavior overall.
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first instance of experimentation with any one of the other two classifiers.
The trembling hand probability was set as p,=0.10. The subsidy rate and the
utility function values were kept at their previous values, p,=0.4, U(0)=0,
U(1)=8, and U(2)=10.

The learning pattern for the conventionally used fast cooling rate of
[=1 (Marimon et al., 1990, Sargent, 1993) is shown in Figure 1. The figure
plots the strengths of three classifiers that are activated in state 2. These are
the ones that recommend zero, one, and two consumptions when the agent
has two pieces of cake. The extremely slow and smooth convergence pattern
is in line with the one we observed in Table 1. Even in period /0,000 the
strength values are around 35, far below their steady states which are around
50. Nevertheless the correct ranking, hence optimal behavior, is learned
around period 4,000.

Figure 1. Classifier strengths under fast cooling (1=1)

1 456 911 1366 1821 2276 2731 3186 3641 4096 4551 5006 5461 5916 6371 6826 7281 7736 8191 8646 9101 9556
Time

When the cooling rate is decreased to 1=0.05, adjustment of strengths
becomes much faster. As seen in Figure 2, steady state values are

Figure 2. Classifier strengths under slow cooling (1=0.05)

1 457 913 1369 1825 2281 2737 3193 3649 4105 4561 5017 5473 5929 6385 6841 7297 7753 8209 8665 9121 9577
Time
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approached at around period 2,000. Nevertheless, fluctuations of strengths
are more pronounced and do not completely die out until period 70,000. The

correct ranking, however, is learned at around period 7,400 and further
fluctuations do not seem to be wide enough to alter the learned optimal
behavior afterwards.

To speed up the initial convergence even further, one might consider
setting the cooling rate to zero. This is the case where the consumer is
always hot in the sense of being flexible while updating beliefs. Figure 3
indicates the validity of this expectation. Steady states are approached
within the first 7,000 periods. The correct ranking of classifiers is attained
before period 700. However, fluctuations are observed to persist afterwards.
This results in occasional changes in the ordering of S,; and classifier Ss,.
Therefore, a learning mistake due to giving too much weight to recent
observations may result from time to time, in addition to the trembling hand
type of mistakes. This mistake, however, is not that severe in terms of
expected lifetime utility and would tend to become smaller if the constant a

Figure 3. Classifier strengths under no cooling (1=0)

0
1 471 941 1411 1881 2351 2821 3201 3761 4231 4701 5171 5641 6111 6581 7051 7521 7991 8461 8931 9401 9871

Time

were fixed at a level below 1/2.

These observations, of course, are made for a single run. To check
their robustness, we conducted /000 independent runs for each set of

Figure 5. Learning to save one out of two cakes (fast cooling, 1=1)

Probability

1 100 1000 10000
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parameter values. This can be interpreted as a large society whose members
are subject to idiosyncratic subsidy shocks. The initial strengths this time
were selected independently across classifiers and consumers from N(8,1).
Therefore, initially a uniform distribution of behavior over three classifiers at
state 2 was expected.

For the slow cooling rate of /=0.05, Figure 4 displays, over time, the
proportions of consumers who would choose to consume 0, 1, and 2 units of
cake when they possess 2 units. These proportions can also be interpreted as

Figure 6. Learning to save one out of two cakes (no cooling, 1=0)

Probability

1 100 1000 10000
Time

an estimate of the probability of consuming 0, /, or 2 units for a randomly
selected consumer. The initial distribution is almost uniform, as expected.
By period 100, all agents learn to consume / or 2 pieces, at an equal degree
of likelihood. Any initial tendency to save excessively quickly disappears
while a tendency to consume excessively persists for at least 700 periods.
This excess consumption tendency, however, diminishes all the way down to
9% by period 1,000 and to around /% by period 10,000.

For the conventionally used (fast) cooling rate of /=1, Figure 5 indicates
that consuming excessively first increases and persists for at least 7,000
periods. It then dies out slowly all the way down to 8.5% in period 10,000.
The probability of zero consumption becomes zero within the first 700
periods.

Figure 4. Learning to save one out of two cakes (slow cooling, 1=0.05)
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If, on the other hand, the cooling rate is set to zero, then the probability
of consuming excessively rather quickly reaches a low level of 9% by period
5000, but as Figure 6 suggests, it stays there forever afterwards. This is due
to persistent fluctuations in the strengths and the resulting change in the
ranking of S,; and S, observed from time to time during the experiences of
each consumer. On the aggregate, this would show itself as excess
consumption of a small magnitude, since saving excessively is ruled out
altogether during the earlier stages of learning as the worst rule of thumb
among the three.

The next numerical experiment was related to the “concavity” of the
utility function. Here we set U(1)=9 while keeping the cooling rate at the
[=0.05 level. This increases the marginal utility from the first piece
consumed by one util while decreasing the marginal utility from the second
piece by the same amount. This parameterization increases the incentives
for saving. The results up to period /00 are not altered much. However, in
period 7,000 the proportion of those consuming excessively drops to 2%
from 9% which was observed under U(0)=8. This number becomes 0 as of
time 70,000, so that under stronger incentives for savings, full convergence
takes place.

In contrast, increasing the subsidy rate, p, has the consequence of
reducing incentives for savings. For p, = 0.6, i.e. when there is a slim
incentive to save 1 unit, in period /0,000 the probability of saving one unit is
only around 0.63. When p, = 0.8, the optimal behavior suggests zero
savings. In this case the probability of consuming both of the two units
become 0.891 and [ in periods 1,000 and 10,000, respectively.

5. Concluding Remarks

In this paper, we have studied classifier system learning in recursive
dynamic decision problems. In numerical simulations, we have observed
that once experimentation is allowed for, regardless of initial conditions,
convergence to a unique vector of strengths takes place. The limit vector is
observed to be consistent with the Bellman equation, so that asymptotic
behavior becomes optimal. A mathematical analysis of such a convergence
claim for more general settings seems worthwhile.

Secondly, we have observed that convergence of classifier strengths to
their steady states becomes faster for higher trembling-hand probabilities.
This result, which is somewhat surprising at first, is due to the mental
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accounting system used. In formula (6), agents are assumed to pick the
highest strength value for the next period's state, in updating the strength of
their current classifier. This still is the case when, for instance, their
trembling-hand probability is /00%. They simply assume their hand will not
tremble in the future. Therefore, mentally this becomes the fastest case for
learning how to play optimally, but observationally it is totally random
action.

Helpful, however, is the presence of experimentation, which appears
in the form of trembling hands here, since such experimentation leads to
experience with seemingly bad classifiers at early stages of learning. For
instance, without trembling hands and for, say, S»; < 0 and §;,, > 0 for all
(i,m) Z (2,1) the consumer would never try consuming / unit of cake when 2
units are available, so the chance to update S»; would never be available. Of
course, as done by Lettau and Uhlig (1999), if all of the initial strengths are
taken above their steady state values, optimal behavior can always be
reached. Nevertheless, learning of the augmented values corresponding to
suboptimal classifiers will still not be possible. Moreover, under the absence
of continual experimentation, if a structural change that increases the
augmented value of a weak classifier takes place, the agents, of course, will
not have a chance to detect it.

Likewise, for agents with arbitrary initial strengths, experimentation is
essential to enable full learning of all strengths in the classifier system. We
note, however, that experimentation never ceases here. Even after the agents
learn the true values of specific actions, trembling hands will continue to
lead them to mistakes. Other forms of experimentation, individual or social
(cf. Base1, 1999) may be suggested as well.

Thirdly, we have studied various values of the cooling rate. The effect
of the cooling rate on the speed of convergence is tricky. In stochastic
dynamic decision problems, in contrast to static ones, there are two things to
learn: the expected values of payoffs and the values of the states. Without
the concept of the value of a state, formulating a reinforcement learning
model, of the type considered by Roth and Erev (1995) for instance, would
not be possible. Also, since there are two types of objects to learn by means
of a common learning algorithm, the importance of the cooling rate
increases. One update is for the values as in the contraction mapping idea,
and the second is for averaging out the randomness in payoffs.

Slower cooling does help in bringing the strengths around to their
steady states earlier. Nevertheless, if the rate is too small, fluctuations in the
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strengths around their steady states stay there for longer. Hence, there is a
trade-off between bringing your beliefs into the neighborhood of their true
values quickly and freezing them at these values as early as possible. The
second aspect becomes more important as the extent of randomness in the
system is increased while the first aspect bears more importance if non-
systematic structural changes in the system take place rather frequently.

Overall, the speed of convergence is observed to be very sensitive to
the “cooling rate” used in the strength update formula. Under the cooling
rate used by Marimon et al. (1990), for example, convergence is
unreasonably slow, taking millions of periods in our simulations. This might
explain their non-convergence result for one parameterization of the
Kiyotaki-Wright model of commodity money. The lesson is that if you
“cool off” too early, then you essentially stop learning because you no longer
update your classifiers by a sizeable amount.

In contrast, it is usually observed in experimental studies that the
human subject tends to learn much faster than the conventional learning
algorithms would suggest. Our suggestion is to leave the cooling rate as a
free parameter to affect the learning speed. This could bring forth the
possibilities of “estimating” or “calibrating” the cooling rate as well as the
trembling-hand probability to deal with the behavioral observations more
successfully.

Another interesting idea to pursue would be to link the cooling
sequence to the trembling-hand probability in such a way that both decrease
together. This would reduce the degrees of freedom by one, provide a
reasonable model of learning for recursive environments, and bring a
testable restriction for empirical work.

However, if the system is not really recursive, if, for instance, only
occasional structural changes occur, a fixed cooling rate and a fixed
experimentation probability could provide a sound rule of thumb to follow.
In this case the strength update takes place as an exponentially weighted
moving average (EWMA) of past perceived payoffs.'’

10An example in the literature of the use of an EWMA is Cripps’ (1991) in modeling
inflation forecasts of economic agents under the structural change justification.
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