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Estimation and Hypothesis Testing for Exponential
Lifetime Models with Double Censoring and Prior
Information

Arturo J. Fernandez'

Abstract. In this paper, on the basis of a doubly censored sample and in a Bayesian
framework, the problem of estimating the mean lifetime, hazard rate, and survival
function of the exponentia lifetime model is addressed. Bayes estimators under
squared-error loss functions are obtained in closed forms. Highest posterior density
(HPD) estimators and credible intervals are computed using iterative methods. A
Bayesian approach to hypothesis testing is also presented. Optimal answers to
hypothesis testing problems are obtained in terms of Bayes factors. Both one- and
two-sided tests are considered. Finally, an illustrative numerica example is
included.
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1. Introduction

Statistical models and methods for survival data and other time-to-event data
are extensvely used in many fidds, including the biomedica sciences,
engineering, the environmental sciences, economics, actuarial sciences,
management, and the socia sciences. Examples of lifetime data include the
times-to-failure of machine components in industria reliability, the duration
of strikes or periods of unemployment in economics, the times taken by
subjects to complete specified tasks in psychological experimentation, the
lengths of marriages in sociology, and the survival times of patients in a
clinica tria. There are Stuations, however, where lifetime data are not
measured in caendar time. For instance, the lifetime of an automobile is
usualy measured by its mileage, and the time-to-failure of a copier is
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measured by the number of copies made. Similarly, an insurance company
uses the total amount of money paid to a client with a prolonged illness for
measuring the time to death of such a client, and the reliability of a system
designed for managing \ery large databases is frequently measured by the
total amount of data stored in the database. Anyway, they al measure the
duration of life.

The essential element in lifetime data analysis is the presence of a non-
negative response, X, with appreciable dsperson and often with censoring.
Due to sampling methods or the occurrence of some competing risk of
remova from the study, severad lifetimes of individuals may be censored. By
censored data we mean that, in a potential sample of size n, a known number
of observations is missing at either end (single censoring) or at both ends
(double censoring). The type of censoring just described is often called Type
I censoring. Doubly censored data has been considered, among other
authors, by Harter and Moore (1968), Baakrishnan (1990), Ragab (1995),
Baakrishnan and Chan (1995), Ldlitha and Mishra (1996), and Kong and
Fei (1996).

The Bayesian method of reasoning is currently riding a high tide of
popularity in virtualy al aress of statistical application. A distinctive feature
of Bayesian inferences is that it takes explicit account of prior information in
the analysis. Classicad dsatistica inference, based on sampling theory,
usually does not consider information beyond the sample data. The Bayesian
use of evant past experience, which is quantified by a prior distribution,
produces more informative inferences in those cases where the prior
distribution accurately reflects the variation in the unknown parameter. In
addition, the Bayesian method usually requires less sample data to achieve
the same quality of inferences than the method based on sampling theory. In
many cases this is the practica motivation for usng a Bayesian approach
and represents the practical advantage in the use of prior information.

The exponentid digtribution Exp(m) provides a population modd which
is useful in severd areas of datistics. In lifetime data analysis, this
distribution occupies an important role and inference procedures based on
this model are widely used. References to the exponentiadl model can be
found, among others, in Bain (1978) and Lawless (1982). The probability
dengty function (pdf) of a random variable X~Exp(m), which represents
the lifetime variable of interest, is given by
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flm=m'exp(- t/m), t>0. @)
The positive parameter m is the mean lifetime, while | =m" isthe

hazard rate (instantaneous failure rate or force of mortality). The surviva or
reliability function is given by

R(t|m=Pr(X >¢|m=exp(- t/m), >0. @

In this paper the important exponentia lifetime modd is considered
and studied from a Bayesian perspective on the basis of a doubly censored
sample. In Section 2, the likelihood function, prior distribution on the mean
lifetime, and its corresponding posterior distribution are presented. Point and
interval estimation procedures are derived in Section 3. Section 4 is
concerned with hypothess testing. Finaly, an illustrative example is given
in Section 5.

2. Modelling

Congider a random sample of size »n from an Exp(m) distribution, where
ml U=(0,¥) is an unknown parameter, and let x,,....x, be the ordered
observations remaining when the (- 1) smallest observations and the (n- )
largest observations have been censored. The likelihood function for m

given the doubly censored sample x =(x, ,...,x,), isthen

nl 1 A
L(mx) =—————{2- R(x, [M} {R(x, Im}"* O f(x, [m).
(r- Dl(n- s)! i=r

According to (1) and (2), the likelihood becomes proportional to
L(mpx)pm” exp{- x(x)/ n{1- exp(- x, /m} ", )

where m=s-r+l and X(x)=&y,x,+(n-s)x, . Consequently, the
sample evidence is contained in the sufficient statistic U (x) = (x, ,X(x)).

Likelihood functions tend to be fairly flat for censored data. Moreover,
asymptotic methods based on the maximum likelihood (ML) estimation are
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generaly inadequate unless censoring levels are low and sample sizes are
large. For these reasons the ML estimator may be of limited value. It is
therefore especialy important in our Situation to assess a prior distribution
for m Frequently, prior information concerning an unknown lifetime
parameter exists. Often such knowledge can be trandated into a prior
distribution. In this paper we consider prior densities of the form

g(muexp(- a/mm®?, nmeo, @

where, to be a proper (inverted gamma) density, we must have a >0 and
b>0. This prior digtribution has advantages over many other distributions
because of its analytical tractability, richness, and easy interpretability. The
information summarized by this prior distribution may be ether objective
(i.e., based on test data from a comparable experiment) or subjective (i.e,
based on an individual’ s experience, judgements, beliefs, and preferences) or
both.

The hyperparameters ¢ and b can be assessed to match the
experimenter’s notion of the location and precison of higher prior
digribution for the mean lifetime, m snce E[m=a/(b- 1) and
Var[m=a’/{ (b- 1)?(b- 2)}, provided that b>2. Similarly, the moment-
matching method may be used to fit the prior distribution when the available
prior knowledge is expressed in terms of the hazard rate, |, or the surviva
function a some fixed point t>0, R,=R(t|i) s€ince EIl ]=b/a and
Var[l 1=b/a’, and, E[R,]=(1+ t/a)’ and Var[R]=(1+ 2t/a) ’- (1+ t/a) *".
Another sunable approach would be to subjectively estimate two Percentlles
of the prior distribution. For example, the experimenter’s prior 10" and 90"
percentiles for m yield two equations that can be solved for ¢ and b.

If prior information about mis scanty, it may be appropriate to resort to
the use of a diffuse prior digtribution. Improper prior density for m which
can reasonably be accepted, are the Jeffreys (1961) prior density,
(a=0,b=0), and an asymptoticaly locdly invariant prior densty proposed
by Hartigan (1964), («=0, b=1). The results of this paper will hold for
these non-informative prior densities.

Bayesan datistics have the advantage of being able to combine the
subjective knowledge of the prior distribution with the knowledge contained
in the data. Estimates can be obtained with relatively little data, which
become extremely important in the case of expensive testing procedures. By
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combining the likelihood function (3) with the prior dengity (4), the posterior
density of mis obtained to be

farx}"™" e [ fa +x0} /rfa- expt- v, /)
rT?+m+1G(b +m)F, [a +X(x),b + m]

g(m x) = , m>0, (5

where
1 w'l LoV
Fl=8 e g e w0 (5o
j=0 J @ ug

All the information concerning the mean lifetime is now contained in
the posterior distribution, which represents a modification of the subjective
knowledge about m expressed by the prior didribution in light of the
observed sample data The Bayes theorem provides a mechanism for
continually updating our knowledge about mas more sample data become
avalable.

For large sample sizes the posterior distribution will be approximately
numericaly egqua to the standardized likelihood function, and the difference
between Bayesian inferences and inferences based on the likelihood function
will be insignificant. Thus, at least in large samples, the choice of the prior
digtribution is not very crucid.

From (5), it follows that the posterior survival function of mgiven x is

G, [a +X(x),b +m;c]
F, [a +X(x),b +m] ’

S(elx) = g(mdne >0, @

where

r-1 %'16 +. . WV
Gr[u,v;c]:é.('l)jg :ngv” % ﬁﬁig . u,v>0,
Jj=0 J @ € c @ u g

inwhich H(e,*) isthe incomplete gamma function defined by
1
H,9)=——@z" 'exp(- z)dz, v,g>0.
&) @
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Using the transformations el and ne«(- logR,) ™, the respective
posterior densities of | and R,, implied by the prior density (4) on m can be
readily derived. Specificdly,

1 )

hy(l Ix)=|—2g(| lx), 1>0,

and

t
h,(R |x)=————g(t(-logR,) *|x), O<R <Il.
2 (R, %) Rt(logRt)zg(( 0gR,)"|x) ,

3. Point and Interval Estimation

From a decison-theoretic viewpoint, in order to sdect a single vaue as
representing our "best" estimator of m one must first specify aloss function,
£(m, 1), which represents the cost involved in using the estimate ™ when
the true value is m A commonly used loss function for estimating mis the
squared-error loss, £(m, iY)=(m T)*. Under this loss function, the Bayes
estimator of mis the mean of the posterior density (5) given by

E[a+x(x),b+m- 1]1 a+Xx(x) i
E[a+x(x),b+m] % b+m- 1%’

AEE[mx]= (b+m>1). @

Other problems of interest are those of estimating | and R,. For
squared-error loss functions, the Bayes estimators of | and R, are given by

Fr[a +X(x),b+m - 1]| b+m

== Fla+x()b+m] ja+x@p

)

and

F,,[a+x(x)+t,b+m]‘[ y .- (b+m)

R, =E[exp(- t/m)|x]= Fr[a+X(X),b+m]% a+x(x)g

©)
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The posterior risks (minimum posterior expected losses) of I, I~, and
E, are given by the posterior variances Var[mx], Var[l |x], and

Var[R;|x], respectively. The estimators I~, n, and Iz are not unbiased in

sample theory sense. However, they are Bayes unbiased, i.e., their means
coincide with the corresponding prior means.

Another loss function in popular use is the absolute-error loss function,
Z(m m)=|m rr|. If this loss is deemed suitable, the posterior medians of

m |, and R, represent the appropriate Bayes estimators. If there is no
compelling reason to accept some specific loss function, we will base
parameter estimation on the ML principle. From the Bayesian perspective,
that leads to the mode of posterior density or the HPD estimator. Since the

posterior dengity (5) is unimodal, the HPD estimator of m denoted by 1m
can be derived by solving the modal equation

(r-Dx,  _
exp(x, /m)-1

This equation cannot be solved explicitly (unless »=1). However, since

(b+m+1)fn {a+x(x)}+

A

max(0, M x,/2) £

—£
exp(x, /M- 1
it is obtained that & £ E b , where

a+X(x) ond 6=mmin 1a+X(x) a+X(x)+(r-Dx, /2u
b+m+r | b+m+1’ b+m+r

a=

Thus, the rule of false pogtion (iterative linear interpolation) can be

used to determine M Experience has shown that the rate of convergence is
very rapid. In fact, it converges even faster than in Newton’s method.

It should be noted that the difference between Mmand the ML estimator
of m m, is numericaly smal when X(x) and m are large in relation to a

and b, respectively. Indeed, the difference | m| converges in probability
tozeroasm® ¥ .
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The HPD estimators of | and R, are given by

1 F _iexp(-1/m) if t<a+x(x),
i TH0 i rrax(),

where M and M are the HPD estimators of m when the pair of
hyperparametersis (a,b- 2) and (a- t, b- 2), respectively.

It is also noted that 1M IA, and f?, are asymptoticaly of minimum
variance, unbiased, and norma (see Haperin, 1952, and Bhattacharyya,
1985). When n® ¥ (with g;=(r- 1)/n and g,=(n- s)/n fixed), x, and x,
converge in probability to ¢, and d, respectively, where R(d,|m)=1- ¢, and
R(d>|m=q,, and

élg u 2
E’g;% xib]@ Q1 ff(llrf)df:n{‘(l' ‘h){l' log(1- ‘h)}' Q2(1' |qu2)],

in which the term involving logg, drops out when ¢,=0. Hence,

1 e gL, o

n e

where
RESPRARTCET (= CoN) ST A
1 1- q, lf q: =0.

c

Therefore, the asymptotic variances of Jnmy Al and «/Z]é,, are given
by mi/c,1?/c,and (R,log R )?/c, respectively.

It is well-known that ML estimators are modes of posterior densities
corresponding to uniform priors. Therefore, the ML estimators of m |, and
R, are the HPD estimators when the pair of hyperparameters (a, b) coincide
with (0,-1), (0,2), and (z,1), respectively.
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Expressions of Bayes estimators (7), (8), and (9) are considerably
smplified when =1 since dl of the F, can be deleted. In this case, the HPD
estimators are also in closed forms.

Another common Bayesian approach to inference is to present credible
sets (or intervals) for m A set C on U such that Pr(iml C |x)=1-a iscalled
a 100(1- a)% credible set (or credible interva if C is an interval) for m
Moreover, if C=[c1,c,] and Pr(nEc,|x)=Pr(n¥ c, |x)=a/2, then Cis
caled a symmetric 100(1- a)% credible interval for m The interva [c4, ¢»]
satisfying smultaneoudy S(c; |x)=1-a/2 and S(c, |x)=a/2, where S(c |x) is
defined by (6), is the symmetric 100(1-a)% credible interva for m
Therefore, [1/c,,1/c,] and [exp(- t/c1).exp(- t/c;)] are the symmetric
100(2- a)% credible intervalsfor | and R,, respectively.

In choosing a credible set for m it is usudly desrable to minimize its
size. A set C={ m U:g(m|x) 3 ¢}, where ¢, is the largest constant such
that Pr(m C |x)=1-a, iscaled a100(1- a) % HPD credible set for m Such
a credible st is very appeding intuitively since it groups together the "most
likely" vaues of mand is aways computable from the posterior dengity.

For the unimodal posterior density (5), the 100(1-a)% HPD (and
shortest, of course) credible interval [ci,c2] for m must smultaneoudy
satisfy S(cy |x) - S(cz [x)=1-a and g(c1 |x)=g(c2 |x), which lead to the
system

1 G, [a+x(x),b+mic, |- G [a+x(x),b+m;c,|=1- Q) F [a+x(x),b+m]
% (c,- cl){a+x(x)}

|
1 €16,

— &, 0 } 11- e)(p(-xr/cl)_[j
_(b+m+])loggz—+ﬂ+(r ])Iog% T op(- xr/cz)é

Smilarly, the 100(2-a)% HPD credible interval [dy,d] for | must
verify
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iG [a+X(x),b+m;d'l]- G, [a+X(x),b+m;dl'1]:(l- a)F,[a+X(x),b+m],

'(d d)atx@)}= (b +m- 1)I09§—*(r Diog :%g

and the 100(1- a)% HPD credible interval [exp(- t/w1),exp(- tiw,)] for R, is
given by the solution of

iG, [a+X(x),b +m;w1]- G, [a+X(x),b+m;w2]=(1- a)F, [a +X(x), b+m]

i o, w){atx(@)- 1)
} ww,

i 1-exp(- x, /w)U
Il' p(- xr/Wzé

=(b+m- 1)Iogg—-+(r 1logi

4. Hypothesis Testing

In generd, the Bayesian approach to hypothesis testing, due primarily to
Jeffreys (1961), is smpler and more sensible than the traditional approach,
which is based on the ideas of Fisher, Neyman and Pearson, and aso avoids
severd fairly substantial criticisms of the classica hypothesis testing (see,
for example, Bernardo and Smith, 1994: 474-475; and Calin and Louis,
1996: 45-47).

Suppose that one wishes to decide whether the unknown parameter m
liesin Uy or in U, where U, and U, are two disioint subsets of the parameter
space U. In Bayesian andysis, the task of deciding between the null
hypothesis Ho:ml U, and the dternative hypothesis Hi:iml U, is
conceptualy  draightforward. One merely caculates the posterior
probabilities po(x)=Pr(m Uglx) and pi(x)=Pr(m Ux) and decides
between H, and H; accordingly. Obvioudy, there is no need to distinguish
formally between the null (working) hypothess and the aternative. In
addition, there is no limit on the number of hypotheses that may be
simultaneoudly considered.
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When the loss is "0-k" loss (i.e, £Z(m a)=0 if m U, and
Z(ma,;)=k;>0if m Uy, where a; represents the action of accepting H,,
i=0,1), the posterior expected losses of ag and a; are kop1(x) and k1po(x),
respectively. The Bayes decision is that corresponding to the smallest
posterior expected loss. Thus, action a; is taken if and only if (iff)
B1o(x)>(k1q0)/(koq1), where go(q1) denotes the positive prior probability
of Uo (U]_) and the quant”:y Blo(X) {pl(X)/po(X)}/(ql/qO) which is the
ratio of the posterior odds of H; to the prior odds of H;, is caled the Bayes
factor in favor of U,. Usudly U=U, E U,, in which case the null hypothesis
Hy:ml Uy is rejected when p, (x)>k1/(ko+k1). When both hypotheses are
smple (i.e, U={m}, i=0,1), Bio(x) is then just the likeihood ratio of
Hi:mr=m to Ho:n=m,i.e, Bio(x)=L(m|x)/L(m|x), and H, is rejected

i

1qoaemo 11- exp(-x, /rra)u "
ofhg”&z 11- exp(- x, /m)é

expix(x) (U m) - @/ m)}>

Consider now the prior density

IquO(IT) if mWO’
I%gl(n) if I‘Tth,

where g, is a proper density over U (e.g., g; may be an inverted gamma
dengity truncated in U,) for i=0,1. With this prior density

g*(m=

Q,L(m) g, (Mdm
Q, L(mx)go(mdm

By, (%)=

i.e, Bio(x) isthe ratio of "weighted" (by g1 and go) likelihoods of U, to Up.

In practical Situations, one may need to assess whether some statements
about mlying in a particular subset U, of U are reasonable in the absence of
an alternative hypothesis. If po(x) is sufficiently small, one will want to reject
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Hy:m Uy, and this can be expressed in terms of "significance levels." Thus,
given al (0,1), a 100a % Bayesian test of significance will reject Hy:ml U,
iff po(x)£a. Bernardo (1980) considers the case of a non-informative prior
density and dtates that the posterior probability po(x) gives a meaningful

measure of the appropriateness of H, only if Hy, and H, are both smple or
both composite (and of the same dimensiondity).

In classical Hatidtics, it is very common to test a point null hypothesis
Ho:mr=my against the two-Sded dternative H;:nlmy. The Bayesian
viewpoint to this problem differs radicaly from the classcal one. A typica
approach (see Jeffreys, 1961, Ch. 5) to conducting a Bayesian test is to give
m a postive probability go, while giving mi U,;=U-{i;} the densty
q1g1(m), where ¢;=1- g, and g, is a proper dengity of the form (4). Thus,
under "0- £, loss, the null hypothesis Hy: r=my is rejected when

QL (mdm
L(mx) kot

By, (x)=

i.e, when

Flatx().brmlepk(/mg} | kel Gb)
{arx} ™ - e(-x, I} ™ kogy § Go+m)a’ N

Another method for testing Ho: Im=my is described by Lindley (1965:
58-62). Intuitively, for a close to zero, the 100(1- a)% HPD credible
interva for m C; (x), contains the "most plausible” values of mgiven the data
x. Taking this into account, the null hypothesis Hy: nr=m, can reasonably be

accepted iff C;(x) contains my This method is limited to cases where the prior
information on mis vague; in particular, where ¢,=0.

In order to test a one-sded null hypothess Hy: mEm, againgt
Hi:m>m, a reasonable loss function is "0- K;(m)" loss, i.e., £(ma;)=
K:(mI(m Uy,), i=0,1, where Ko(m) and K,(m) are non-decreasing

positive functions of (m- my) and (My- M), respectively. The optimal answer
to the hypothesis testing problem isto reject Hy iff
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Q, Ko(Me(mx)am> Ky (mg(mx)dm

where U=(0,my] and U, =(my,¥]. In the case of Ko(m) = ko(m-m,) and
Ki(m) = k1(my- m) and prior dengity (4), Ho: IMmEnm, isrejected iff

> my + (L (ko k) {J (Mx) - mp,(x)},
where MFEE[mMK], p,(x)=S(mx) and

G, [a+x(x).b+m- LM} a+x(x)j
F, [a +X(x),b +m] { b+m- 15'

J(Myx)=() me(mx)dime

In the symmetric case, ko=*k, this reduces to rgjecting, Ho:IMEmMy, iff
3 my, as one might intuitively have expected.

On the other hand, under "0- £," loss (K;(m)0k,;>0, i=0,1) and prior
density (4), the Bayes test rejects Ho: MEmMy, iff S(mylx)>k./(kotky), i€,
iff

G, [a +X(x),b+m; na] > z l‘ik

0 1

F,[a+x(x),b+m]

Reliability demonstration tests (see Martz and Waller, 1982, Ch. 10)
are usualy performed on a newly designed device in order to demondtrate its
reliability, mean lifetime, or whether it has achieved a required level of
performance. One may be interested in testing whether R,3 r, against the
dternative R,<r, for a  specified ¢+ and ro. Using the fact that
R,=exp(- t/m) this problem is equivdent to testing N m, against the
dternative mr<my, where m,=z(- logro) *. One may aso specify some
particular positive value r; less than ro, which can be regarded as a clearly
unacceptable reliability, and consider now the alternative R, <r;. The region
r1ER,<ry is sometimes referred to as the indifference region. Problems of
this nature occur quite frequently in qudlity control and in writing up
warranties for products.
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5. An Illustrative Example

As a numerical illustration, an example is presented in this section. The
following data represent failure times, in minutes, for a specific type of
electrical insulation (Lawless, 1982: 138 and Raggab, 1995):

-, -, 24.4, 286,432, 46.9, 70.7, 75.3, 955, -, -, -.

In this example, the experimenter failed to observe the two smallest
failure times and the experiment was terminated at the time of the 9th
failure. Hence n=12, »=3, s=9 and m=7. Assuming that the data came
from an exponentia distribution, three cases are consdered. In Case | the
Jeffreys prior density on mis selected, i.e. (a,5)=(0,0) in (4). In Cases ||
and Ill it is believed that the prior variance Var[m is 64 and 16,
respectively; in both the prior mean E[m] is assumed to be 80. Thus, the
available prior information indicates « =8080 and » =102 in Case I, while
a=32080and h =402 in Case lll.

Table | contains the Bayes (under squared-error loss) and the HPD
estimates for m |, and R, (at #+=50,100). The corresponding ML estimates
areincluded in TableIl.

Congider that it is dedrable to test Ho:R,=502 1o =0.50 against
Hi:R,<ro under "O- k" loss, where ki(ko) represents the postive loss
incurred by committing a type | (type Il) error. The null hypothess is
rejected whenever S(- t/logrolx)<kol(ko+k1). Therefore, Hy:R, =502 0.50
isrejected iff theratio ko/k is greater than 1.65314, 5.39653, and 60.61412
in Cases|, I, and 111, respectively.

Suppose now, for instance, that one wishes to decide between the
hypotheses Ho: ™ my =75 and H,: mr<m, =60, where my represents the
contract specified or desired mean lifetime, while m represents the minimum
mean lifetime that a consumer is willing to accept. Assuming "0- K;(7)"
loss function, where Ko(m)=ko(m- m) and K;(m)=k.(m my), and prior
density (4), H, isrejected iff
PR Mp, (x) +J (i)~ (ky/ ko (U (M) - mpo ()},
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where AEE[mMIx], po(x)=S(mylx), p,(x)=1-S(mx), and
J(;x)= ) me(mhx) dm =01,

15

After some algebra, this reduces to rejecting the null hypothesis whenever
M<c, where c¢ is 88.3492- 17.8886(k1/k,), 79.7687-5.9868(k1/k,) and

79.9372- 5.1354(k 1/ko) in Cases |, I, and 1, respectively. In particular,
when ko=k,, Hyis accepted in the three cases.

Table I: The Bayes and The HPD Estimates for m | , R,_s, and R,

Case 2 m I [ R, 5 R, 5 R0 | Reoo
I 86.7770 | 69.4073 | 0.01297 | 0.01152 | 053472 | 053748 | 0.29783 | 0.26017
[ 79.7659 | 78.3414 | 0.01265 | 001254 | 053220 | 053236 | 0.28425 | 0.28136
[l 799372 | 795492 | 001254 | 001251 | 053444 | 053449 | 0.28590 | 0.28513
Table II: ML Estimates for m | , R—s, and R,
m l Rt =50 Rt:lOO
771351 0.01296 0.52298 0.27361
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